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Abstract

A generalised lattice ordered group (gl-group) is a system in which the underlying
set is a generalised lattice as well as a group. This paper, deals with the concept of
L-fuzzy gl-subgroup of a gl-group. Introduced the concept of L-fuzzy gl-subgroup
and charecterized that by its level subsets. Later, discussed about images and pre-
images of L-fuzzy gl-subgroups under a gl-homomorphism. Finally discussed about
equivalency of the direct product of L-fuzzy gl-subgroups with its components.
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1. Introduction

The theory of lattice ordered groups (l-groups) is well known from the books [15, 16]

and the concept of fuzzy lattice ordered group introduced and developed by Saibaba

in [17]. Murty and Swamy [6] introduced the concept of generalised lattice and the
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theory of generalised lattices developed by the author Kishore in [7, 8] that can play

an intermediate role between the theories of lattices and posets. The concepts and the

corresponding theory of fuzzy generalised lattices [9, 10, 11], generalised lattice ordered

groups (gl-groups) [12, 13, 14] introduced and developed by the author Kishore. This

paper, deals with the concept of L-fuzzy gl-subgroup of a gl-group. Section 2 contains

some preliminaries from the references. In Section 3, introduced the concept L-fuzzy gl-

subgroup of a gl-group and charecterized that by its level subsets. Also proved that the

set of all L-fuzzy gl-subgroups of a gl-group is a complete lattice. In section 4, discussed

about the images and pre-images of L-fuzzy gl-subgroups under a gl-homomorphism.

Finally in section 5, proved that the direct product of L-fuzzy gl-subgroups of respective

gl-groups is again a L-fuzzy gl-subgroup of direct product of the gl-groups.

2. Preliminaries

This section contains some preliminaries from the references those are useful in the next

sections. The definitions of generalised lattice, subgeneralised lattice, homomorphism

and product of generalised lattices are known from [6, 7, 8].

Definition 2.1 [Kishore [12]] : A system (G, +, ≤) is called a generalised lattice

ordered group ( gl-group ) if (i) (G, ≤) is a generalised lattice, (ii) (G, +) is a group

and (iii) every group translation x → a + x + b on G is isotone. That is x ≤ y ⇒
a+ x+ b ≤ a+ y + b for all a, b ∈ G.

Note : Through out this paper G denotes a gl-group and 0 denotes the additive identity

element of G.

Definition 2.2 [Kishore [13]] : For any x ∈ G, define |x| = mu{x,−x}, x+ = mu{x, 0}
and x− = mu{−x, 0}.

Definition 2.3 [Kishore [14]] : Let X be a finite subset of G. Define the positive part

of X by X+ = mu(ML(X) ∪ {0}).

Definition 2.4 [1] : A lattice L is said to be regular if it satisfies the following condition:

for any a, b ∈ L; a 6= 0, b 6= 0 implies a ∧ b 6= 0.

Definition 2.5 [Kishore [14]] : A subgroup S of G is said to be a gl-subgroup of G if

S is a subgeneralised lattice of G.

Definition 2.6 [Kishore [14]] : Let G,H be gl-groups. A group homomorphism f :

G→ H is said to be a gl-homomorphism if f is a homomorphism of generalised lattices.
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Definition 2.7 [1] : A lattice L is said to be a complete lattice if for any subset of L

the infimum and supremum exists in L.

Definition 2.8 [5] : Let X be a non-empty set and L is a complete lattice satisfying

the infinite meet distributive law. Then any mapping from X into L is called a L−fuzzy

subset of X.

Definition 2.9 [5] : Let X be a non-empty set and L is a complete lattice satisfying

the infinite meet distributive law. Let µ be a L-fuzzy subset of X. Then for any α ∈ L,
the set µα = {x ∈ X | µ(x) ≥ α} is called a level subset of µ.

3. L-fuzzy gl-subgroups

In this section introduced the concept L-fuzzy gl-subgroup of a gl-group, discussed its

properties and charecterized by its level subsets. Also proved that the set of all L-fuzzy

gl-subgroups of a gl-group is a complete lattice.

Definition 3.1 : A fuzzy set µ in G is said to be a L-fuzzy gl-subgroup of G, if for

any x, y ∈ G and for any finite subset A of G we have (i) µ(x + y) ≥ µ(x) ∧ µ(y) (ii)

µ(−x) = µ(x) (iii) µ(s) ≥
∧
a∈A µ(a) for all s ∈ mu(A) (iv) µ(t) ≥

∧
a∈A µ(a) for all

t ∈ML(A).

Theorem 3.2 : Let µ be a L-fuzzy gl-subgroup of G. Then µ(0) ≥ µ(x) for all x ∈ G.
Proof: Let x ∈ G. Consider µ(0) = µ(x−x) = µ(x+(−x)) ≥ µ(x)∧µ(−x) (by definition

3.1) = µ(x) ∧ µ(x) = µ(x). Therefore µ(0) ≥ µ(x) for all x ∈ G.�

Theorem 3.3 : A fuzzy set µ in G is L-fuzzy gl-subgroup of G if and only if (i)

µ(x − y) ≥ µ(x) ∧ µ(y) for all x, y ∈ G and (ii) µ(s) ∧ µ(t) ≥
∧
a∈A µ(a) for all s ∈

mu(A), t ∈ML(A) and for any finite subset A of G.

Proof : Suppose µ is L-fuzzy gl-subgroup of G. (i) Let x, y ∈ G. Consider µ(x − y) =

µ(x + (−y)) ≥ µ(x) ∧ µ(−y) (by definition 3.1) = µ(x) ∧ µ(y). Therefore µ(x − y) ≥
µ(x)∧µ(y) for all x, y ∈ G. (ii) Let A be a finite subset of G. Let s ∈ mu(A), t ∈ML(A).

By the definition 3.1, we have µ(s) ≥
∧
a∈A µ(a) and µ(t) ≥

∧
a∈A µ(a). Therefore

µ(s)∧µ(t) ≥
∧
a∈A µ(a). Conversely suppose the conditions (i) and (ii). To show that µ

is L-fuzzy gl-subgroup of G : Let x ∈ G. Consider µ(0) = µ(x−x) ≥ µ(x)∧µ(x) = µ(x)

by the condition (i). Consider µ(−x) = µ(0− x) ≥ µ(0)∧ µ(x) = µ(x) by the condition

(i). Therefore µ(0) ≥ µ(x) and µ(−x) = µ(x) for all x ∈ G. Let x, y ∈ G. Consider

µ(x + y) = µ(x − (−y)) ≥ µ(x) ∧ µ(−y) = µ(x) ∧ µ(y). Let A be a finite subset of G.
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Let s ∈ mu(A), t ∈ ML(A). Then µ(s), µ(t) ≥ µ(s) ∧ µ(t) ≥
∧
a∈A µ(a). Therefore µ is

L-fuzzy gl-subgroup of G. �

Theorem 3.4 : A fuzzy set µ in G is L-fuzzy gl-subgroup of G if and only if µα is a

gl-subgroup of G for all α ∈ µ(G) ∪ {l ∈ L | µ(0) ≥ l}.

Proof : Suppose µ is L-fuzzy gl-subgroup of G. Let α ∈ µ(G) ∪ {l ∈ L | µ(0) ≥ l}. To

show that µα is a gl-subgroup of G : Let X be a finite subset of µα. Then µ(x) ≥ α for all

x ∈ X and
∧
x∈X µ(x) ≥ α. Let s ∈ mu(X), t ∈ML(X). Then by theorem 3.3, we have

µ(s), µ(t) ≥ µ(s) ∧ µ(t) ≥
∧
x∈X µ(x) ≥ α. That is mu(X),ML(X) ⊆ µα. Therefore µα

is a subgeneralised lattice of G. Clearly µα is a subgroup of G. Hence µα is a gl-subgroup

of G. Conversely suppose µα is a gl-subgroup of G for all α ∈ µ(G)∪{l ∈ L | µ(0) ≥ l}.
To show that µ is L-fuzzy gl-subgroup of G : Let x, y ∈ G and β = µ(x)∧ µ(y). Clearly

β ∈ µ(G) ∪ {l ∈ L | µ(0) ≥ l} and µ(x), µ(y) ≥ β. Then x, y ∈ µβ. By the supposition,

we have x− y ∈ µβ. That is µ(x− y) ≥ β = µ(x) ∧ µ(y). Let A be a finite subset of G

and γ =
∧
a∈A µ(a). Clearly γ ∈ µ(G) ∪ {l ∈ L | µ(0) ≥ l} and µ(a) ≥ γ for all a ∈ A.

Then a ∈ µγ for all a ∈ A. That is A is a finite subset of µγ and by the supposition, we

have mu(A),ML(A) ⊆ µγ . Then µ(s) ∧ µ(t) ≥ γ =
∧
a∈A µ(a) for all s ∈ mu(A) and

t ∈ML(A). Therefore µ is L-fuzzy gl-subgroup of G. �

Theorem 3.5 : Let µ be a L-fuzzy gl-subgroup of G. Then for any x ∈ G, we have (i)

µ(s) ≥ µ(x) for all s ∈ x+ (ii) µ(t) ≥ µ(x) for all t ∈ x− (iii) µ(r) ≥ µ(x) for all r ∈ |x|.

Proof : Let x ∈ G. (i) Let s ∈ x+ = mu({x, 0}) (by definition 2.2). Then µ(s) ≥
µ(x)∧µ(0) = µ(x). Therefore µ(s) ≥ µ(x) for all s ∈ x+. (ii) Let t ∈ x− = mu({−x, 0})
(by definition 2.2). Then µ(t) ≥ µ(−x) ∧ µ(0) = µ(−x) = µ(x). Therefore µ(t) ≥ µ(x)

for all t ∈ x−. (iii) Let r ∈ |x| = mu({x,−x}) (by definition 2.2). Then µ(r) ≥
µ(x) ∧ µ(−x) = µ(x) ∧ µ(x) = µ(x). Therefore µ(r) ≥ µ(x) for all r ∈ |x|. �

Definition 3.6 : Let X be a finite subset of G. Define the negative part of X by X− =

mu(ML(mu(−X))∪{0}) and the modulus of X by |X| = mu(ML(X)∪ML(mu(−X))).

Theorem 3.7 : Let µ be a L-fuzzy gl-subgroup of G. Then for any finite subset X in

G, we have (i) µ(s) ≥
∧
x∈X µ(x) for all s ∈ X+ (ii) µ(t) ≥

∧
x∈X µ(x) for all t ∈ X−

(iii) µ(p) ≥
∧
x∈X µ(x) for all p ∈ |X|.

Proof : Let X be a finite subset of G. (i) Let s ∈ X+ = mu(ML(X)∪{0}) (by definition

2.3). Consider µ(s) ≥
∧
a∈ML(X)∪{0} µ(a) = (

∧
a∈ML(X) µ(a)) ∧ µ(0) =

∧
a∈ML(X) µ(a)

by theorem 3.2. Clearly µ(a) ≥
∧
x∈X µ(x) for all a ∈ ML(X). Therefore µ(s) ≥
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∧
a∈ML(X) µ(a) ≥

∧
x∈X µ(x). (ii) Let t ∈ X− = mu(ML(mu(−X)) ∪ {0}). Consider

µ(t) ≥
∧
b∈ML(mu(−X))∪{0} µ(b) = (

∧
b∈ML(mu(−X)) µ(b)) ∧ µ(0) =

∧
b∈ML(mu(−X)) µ(b)

by theorem 3.2. Clearly µ(b) ≥
∧
c∈mu(−X) µ(c) for all b ∈ ML(mu(−X)) and also

µ(c) ≥
∧
x∈−X µ(x) =

∧
x∈X µ(−x) =

∧
x∈X µ(x). Therefore µ(t) ≥

∧
b∈ML(mu(−X)) µ(b) ≥∧

c∈mu(−X) µ(c) ≥
∧
x∈X µ(x). (iii) Since µ(a) ≥

∧
x∈X µ(x) for all a ∈ ML(X), we

have
∧
a∈ML(X) ≥

∧
x∈X µ(x). Since µ(a) ≥

∧
c∈mu(−X) µ(c) ≥

∧
x∈X µ(x), we have∧

a∈ML(mu(−X)) µ(a) ≥
∧
x∈X µ(x). Therefore µ(p) ≥

∧
a∈ML(X)∪ML(mu(−X)) µ(a) =

(
∧
a∈ML(X) µ(a)) ∩ (

∧
a∈ML(mu(−X)) µ(a)) ≥

∧
x∈X µ(x) for all p ∈ |X|. �

Theorem 3.8 : Let µ be a L-fuzzy gl-subgroup of G. If the support of µ, Supp(µ) =

{x ∈ G | µ(x) > 0} is non-empty and L is regular, then Supp(µ) is a gl-subgroup of G.

(By using the definitions 2.4 and 2.5 we can prove this).

Theorem 3.9 : The intersection of any family of L−fuzzy gl-subgroups of G is again

a L-fuzzy gl-subgroup of G. (By using the definition 2.5 we can prove this).

Definition 3.10 : Let A be a non-empty subset of G and A 6= G. Define a map

χA : G→ L by χA(x) = { p ifx ∈ A
q ifx ∈ G−A where p, q ∈ L and p < q 6= 0.

Theorem 3.11 : A is a gl-subgroup of G if and only if χA is L-fuzzy gl-subgroup of G.

Theorem 3.12 : Let µ be a L-fuzzy gl-subgroup ofG. ThenGµ = {x ∈ G | µ(x) = µ(0)}
is a gl-subgroup of G.

Proof : To show that Gµ is a subgroup of G : Since 0 ∈ Gµ, Gµ is non-empty. Let

x, y ∈ Gµ. Then µ(x) = µ(0) = µ(y). This implies µ(x+ y) ≥ µ(x)∧ µ(x) = µ(0). Since

by theorem 3.2 we have µ(0) ≥ µ(x+ y), we get µ(x+ y) = µ(0) and then x+ y ∈ Gµ.
Also since µ(−x) ≥ µ(x) = µ(0), we have µ(−x) = µ(0) and then −x ∈ Gµ. Therefore

Gµ is a subgroup of G. To show that Gµ is a subgeneralised lattice of G : Let X be a

finite subset of Gµ. For any s ∈ mu(X), we have µ(s) ≥
∧
x∈X µ(x) = µ(0). Similarly for

any t ∈ ML(X), we have µ(t) ≥
∧
x∈X µ(x) = µ(0). Which implies µ(s) = µ(0) = µ(t)

for all s ∈ mu(X) and ML(X). That is mu(X),mu(X) ⊆ Gµ. Therefore Gµ is a

subgeneralised lattice of G. Hence the result follows from definition 2.5. �

Definition 3.13 : Let µ be a L-fuzzy subset ofG. Then the smallest L-fuzzy gl-subgroup

of G containing µ is called L-fuzzy gl-subgroup of G generated by µ, denoted by < µ > .

Theorem 3.14 : The set of all L-fuzzy gl-subgroups of G is a complete lattice under

set inclusion.
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4. L-fuzzy gl-subgroups under gl-homomorphism

In this section discussed about the images and pre-images of L-fuzzy gl-subgroups under

a gl-homomorphism.

Theorem 4.1 : Let G,G′ be gl-groups. Let µ, ν be L-fuzzy gl-subgroups of G,G′

respectively. Let f : G → G′ be a gl-homomorphism and onto. Then we have (i) f(µ)

is L-fuzzy gl-subgroup of G′ provided that µ has sup-property (ii) f−1(ν) is L-fuzzy

gl-subgroup of G (iii) f(µ)(0′) = µ(0) where 0′ ∈ G′ and 0 ∈ G (iv) f(Gµ) ⊆ G′f(µ) (v)

If µ is constant on Kerf , then f(µ)(f(x)) = µ(x) for all x ∈ G (vi) f−1(G′ν) ⊆ Gf−1(ν).

Proof : (i) Suppose µ has sup-property. To show that f(µ) is L−fuzzy gl-subgroup

of G′ : Clearly f(µ) is L−fuzzy subgroup of G′. Let Y = {y1, y2, · · ·, yn} be a fi-

nite subset of G′. Since f is onto, for each yi ∈ Y there exists xi ∈ G such that

f(xi) = yi, that is xi ∈ f−1(yi). Since µ has sup-property and f−1(yi) ⊆ G; there exists

zi ∈ f−1(yi) (that is f(zi) = yi) such that µ(zi) = f(µ)(yi). By definition 2.6, we have

ML(Y ) = ML({yi | 1 ≤ i ≤ n}) = ML({f(zi) | 1 ≤ i ≤ n}) = f(ML({zi | 1 ≤
i ≤ n})). Let t ∈ ML(X). Then there exists r ∈ ML({zi | 1 ≤ i ≤ n}) such that

t = f(r). Now consider f(µ)(t) = Sup{µ(z) | z ∈ f−1(t)} = Sup{µ(z) | f(z) =

t = f(r)} ≥ µ(r) ≥
∧
i=1 to n µ(zi) (by definition 2.1) =

∧
i=1 to n f(µ)(yi). There-

fore f(µ)(t) ≥
∧
i=1 to n f(µ)(yi) for all t ∈ ML(Y ). Similarly we can prove that

f(µ)(s) ≥
∧
i=1 to n f(µ)(yi) for all s ∈ mu(Y ). (ii) To show that f−1(ν) is L−fuzzy gl-

subgroup of G : Clearly f−1(ν) is L−fuzzy subgroup of G. Let X = {x1, x2, · · ·, xn} be a

finite subset of f−1(G′). Then there exists yi ∈ G′ such that xi ∈ f−1(yi) for 1 ≤ i ≤ n.
This implies X ⊆ f−1{yi | 1 ≤ i ≤ n}. Let t ∈ML(X). Then by definition 2.6 we have

f(t) ∈ ML(f(X)) = f(ML(X)). Consider f−1(ν)(t) = ν(f(t)) ≥
∧
i=1 to n ν(f(xi)) =∧

i=1 to n f
−1(ν)(xi). That is f−1(ν)(t) ≥

∧
i=1 to n f

−1(ν)(xi) for all t ∈ML(X). Sim-

ilarly f−1(ν)(s) ≥
∧
i=1 to n f

−1(ν)(xi) for all s ∈ mu(X). Therefore f−1(ν) is L-fuzzy

gl-subgroup of G. (iii) We know that 0 is additive identity element of G. Suppose 0′ is ad-

ditive identity element of G′. Since f is onto map, there exists x ∈ G such that f(x) = 0′.

Since f is a group homomorphism, we have f(0) = 0′. Which implies 0, x ∈ f−1(0′).

Consider f(µ)(0′) = Sup{µ(x) | x ∈ f−1(0′)} = Sup{µ(x) | f(x) = 0′ = f(0)} = µ(0)

(by theorem 3.2). (iv) By (iii) and theorem 3.12 we can prove this. (v) Suppose µ

is constant on Kerf. Then since f(0) = 0′ (that is 0 ∈ Kerf), we have µ(x) = µ(0)

for all x ∈ Kerf. To show that for all x ∈ G, f(µ)(f(x)) = µ(x) : Let x ∈ G.
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Consider f(µ)(f(x)) = Sup{µ(z) | z ∈ f−1(f(x))} = Sup{µ(z) | f(z) = f(x)}.
Observe that f(z) = f(x) ⇒ z − x ∈ Kerf ⇒ µ(z − x) = µ(0) and similarly

f(z) = f(x)⇒ x− z ∈ Kerf ⇒ µ(x− z) = µ(0). Now consider µ(z) = µ(z − x+ x) ≥
µ(z−x)∧µ(x) = µ(0)∧µ(x) = µ(x) and similarly we can prove µ(x) ≥ µ(z). Therefore

we proved that f(z) = f(x)⇒ µ(x) = µ(z). Which implies f(µ)(f(x)) = µ(x). (vi) By

v) and theorem 3.12 we can prove this. �

Corollary 4.2 : If µ is constant on Kerf then we have (i) f−1(f(µ)) = µ (ii)

f(f−1(ν)) = ν.

5. Product of L-fuzzy gl-subgroups of gl-groups

In this section defined direct product of L−fuzzy subsets of gl-groups and discussed

about equivalency of the direct product of L-fuzzy gl-subgroups with its components.

Definition 5.1 : LetGi be gl-groups and µi be L-fuzzy subset ofGi for 1 ≤ i ≤ n.Define

the map µ = µ1×·· ·×µn : G = G1×·· ·×Gn → L by µ(x1, · · ·, xn) = µ(x1)∧·· ·∧µ(xn).

Then µ is an L-fuzzy subset of G, called direct product of µ1, · · ·, µn.
Proposition 5.2 : If each µi is L-fuzzy gl-subgroup of Gi for 1 ≤ i ≤ n then µ =

µ1 × · · · × µn is an L-fuzzy gl-subgroup of G = G1 × · · · ×Gn.
Proposition 5.3 Let Gi be gl-groups and µi be L-fuzzy subset of Gi with greatest

element µi(0) of L for 1 ≤ i ≤ n. If µ = µ1 × · · · × µn is an L-fuzzy gl-subgroup of

G = G1 × · · · ×Gn, then each µi is a L-fuzzy gl-subgroup of Gi.
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